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Abstract In this paper, we show that the Boussinesq operator B, f converges pointwise to its initial
data f € H*(R) ast — 0 provided s > %7more precisely—on one hand, by constructing a counterexample
in R we discover that the optimal convergence index s.1 = i; on the other hand, we find that the

Hausdorff dimension of the divergence set for B.f is

1
1-2 S <s< o
s, as4_s_ ;

a1,8(s) =

»-lk.lHN,‘,_.

1, as 0 < s <

Moreover, a higher dimensional lift was also obtained for f being radial.
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1 Introduction
1.1 Carleson Problem for Schrédinger Operator
For (n,s) € N x R and the Schwartz space S(R"™), let

@) = {1 € SE): Wl = [ (14162717 0Pdg) < o0}
be the s-order L? Sobolev space on R™. Formally, the Schrédinger operator acting on f € S(R™)

Sf(x) == (2m)" / e €QIEl f(e)de (L1)

n
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solves the initial data problem of free Schrédinger equation

i0u + Azu = 0;
u(x,0) = f(z).

Due to a fundamental interest in mathematical and theoretical physics, in [8] Carleson

(1.2)

proposed a problem to determine the optimal order s., such that
}iH(l) Sif(z) = f(x), ae zeR" (1.3)

holds for all f € H*(R") with s > scp.
There are enumerable literatures devoted to this problem (see [4-6, 24, 28, 30, 33, 35, 39-41]

and the references therein)-in particular-s.,, = However, it is perhaps appropriate to

2(n+1)
mention some important steps toward the formula( 7(L)Jrrl ?Sc,'nn

> For n = 1, Carleson [8] proved (1.1) converges to its initial data with s > 1 and Dahlberg-
Kenig [10] gave counterexample to show that this convergence cannot be true for s < i.

> For n > 2, Bourgain [6] and Sj6lin [36] formulated independently counterexamples for
s < ﬁ Recently, a positive result has been established under s > ﬁ by Du—Guth-Li
[14] for n = 2 and Du—Zhang [16] for n > 3.

Furthermore, in [32] Sjégren—Sjolin refined Carleson’s problem to determine the Hausdorff
dimension of the divergence set:

aps(s):= sup dimpy {m eR™: lirr(l)Stf(ac) # f(x)} (1.4)
feHs=(R") =

By Sobolev embedding, we easily get

n
ans(s) =0, Vs> 5
thereby being led to consider the case s < 5.

> Bourgain’s counterexample in [6] implies

n
n =n, Vs<_——0—.
ans(s)=n s ST 1)
> Luca-Rogers in [26] proved
(s) .
aps(s)=n ass=_———.
S 2(n +1)

> For 2 < s < Z, we can combine the results in Zubrini¢ [42] and Barceld et al. [2] to

obtain a, s(s) =n — 2s.
> Notice that if

then oy s(s) =1 —2s. And yet, for

n n
>2 & <8< —
"= on+1) " T

nobody knows the value of o, s(s); see also [15, 16, 25-27] for more information.
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1.2 Carleson Problem for Boussinesq Operator

As a nonlinear variant of (1.1), the Boussinesq operator acting on f € S(R") is defined by

n

u(z,t) = Buf(z) = (2m) " / e e EVITIER fe)dg, (15)

which occurs in a large number of physical situations, which has motivated their study in physics
and mathematics. The name of this operator comes from the Boussinesq equation (cf.[7])

Ut — Ugy + Ugpzzr = (’U/Z)zxy V(t, :E) S RQ
modelling the propagation of long waves on the surface of water with small amplitude. Our

interest in this operator arises from the study of the Gross—Pitaevskii (G-P) equation

109 + Adp = (|¢)* — 1)9 subject to ¢ : RM"™ — C & lim ¢ = 1.

|z|—o00
The above nonzero boundary condition arises naturally in physical contexts such as Bose—
Einstein condensates, superfluids and nonlinear optics, or in the hydrodynamic interpretation
of NLS (cf. [17]). There are many literatures studying the existence and asymptotic behavior
of a solution to the G-P equation. For the most recent progress on these topics we refer the
readers to [3, 18-22]. Even though (1.5) is very close to (1.1), the constant boundary condition
brings a remarkable effect on the space-time behaviour of a solution—this actually is one of the
main motivations of this paper.
Quite surprisingly, upon letting v = ¥ — 1, we find
10,0 + Av — 2Rv = v* + 2|v|* + [v|?v,
thereby using the diagonal transform
v =01 +ivy — u = uy + iug := vy + iUws,
to get the following system for (u,v):
i0u — Hu = U (303 + v3 + |[v]?v1) +i(2v102 + |v]?02);
U:=\/-A2-A)"1
H:=/-A(2-A).
Accordingly, (1.5) solves the initial data problem of the induced Boussinesq equation
i0yu — Hu = 0;
u(z,0) = f(z).
In this paper, we are motivated by §1.1 and similarity between (1.1) (solving (1.2)) and

(1.5) (solving (1.6)) to consider:
I. The Carleson problem for B, f(x): evaluating the optimal s, such that

}E% B.f(z) = f(z), ae xeR" (1.7)

(1.6)

holds for any f € H*(R™) with s > s. .
IT. A refinement of the Carleson problem for B; f(z): determining the Hausdorff dimension
of the divergence set:

anp(s):= sup dimg {m e R" : lim B, f(x) # f(x)} (1.8)
JEH: (R") =0
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In order to resolve this issue, for any f € H*>°(R") we make the following decomposition

f@) = fa(@)+ f>1(2) & (€)= F(©)e(6),

where ¢ is a bump function based on the origin-centered ball B(0,2) with radius 2 and satisfies
(ZS‘B(O,l) = 1. Thus

fo1 € HY(R™), Vs> g

which implies
lim B, (f<1)(2) = f<i(@).
Accordingly, (1.7) amounts to
lim B, (f>1)(2) = f>1(2), ae. zcR™

Upon noticing
EVI+EP = [¢f, Vg =1,

we may guess that the Boussinesq operator should behave like the Schrodinger operator. How-
ever, such a guessing is not easily confirmed. Here are two instances.

> [14-16] used the [?>-decoupling and polynomial partitioning to set up the following in-
equality:

< RAm:9) N
poimony S RO e,

| suwp Isi(h@)|

0<t<1

under a suitable condition:

1< g < oo
B(n,q) > 0;
supp f C Ap == {¢£ € R" : [¢| ~ a dyadic number R}.

For this purpose, a scaling argument is essential. And S; is scaling invariant. But B; does not
have this symmetry which is the main difficulty.

> Cho—Ko [9] extended the convergence result on S; to some generalized dispersive operators
excluding the Boussinesq operator.

Nevertheless, we can still get a first outcome for the one-dimensional case as described
below.

Theorem 1.1 The optimal order s.1 = i follows from two assertions as seen below.
(i) If s > % and f € H*(R), then
tlirr(l)Btf(:v) = f(z), ae z€R. (1.9)

(ii) For 0 < s < i, there exist two disjoint compact intervals I,J C R and a function

fo € H*(R) supported in I such that
tlirr(l) Bifo(x) =0 Vx € J fails.

Remark 1.2 We obtain sharp result when n = 1 in Theorem 1.1. By Van der Corput’s
lemma, we have Lemma 2.2 which is the key to the proof of Theorem 1.1. The proof of Lemma
2.2 is complex which is the main difficulty.



Carleson Problem for the Boussinesq Operator 123

In order to state the second result on R, we are required to introduce three more concepts.
> If (r) = e_’“z, then

81 = " [0 ) S VT

is called the truncated operator.

> A positive Borel measure p is (0, n] 3 a-dimensional provided

ca(p) == sup r u(B(z,r)) < oo with B(z,r)={yeR": |y —z| <r}.
(x,r)€R™ % (0,00)

Moreover, M*(B") is the class of the a-dimensional probability measures supported in the unit
ball B” = B(0,1).
> If A< B stands for A < ¢B for a constant ¢ > 0 and A ~ B means A < B < A, then

I supg,vyenz IBE f1I| L1 g <
Veal) | fllms wm ~

V(p, f.te) € M*(B") x H*(R"™) x (0,00)}. (1.10)

O, B(s) = inf {a :

Usually, we will define &, g(s) = +oo if the set is empty. From [2] and an equivalence of the
Hausdorff capacity in [1, Section 3] it follows that

dim g {a: eR™: klim B} f(z) # f(:v)} < an,g(s) asfeHR") &t — 0. (1.11)

Theorem 1.3 Let

Then:
(i)

| oo 1B, S Veall oy (1.12)

k,N)eN?

(ii) a1,8(s) =1 —2s = a1 B(s).
Remark 1.4 Similar problems were studied by Ding—Niu [11] , Ding—Niu [12] and Lan-Li-
Niu [23]. Moreover, the Boussinesq operator was studied in [11]. In which the authors set up
the pointwise convergence of Boussinesq operator when s > % In [12] the authors considered a
class of dispersive operators with some growth condition (H1), (H2) and (H3). They set up the
pointwise convergence under the condition s > 1/4. For the same class of dispersive operators,
Theorem 1.3 was also proved in [23]. Boussinesq operator we study in this paper does not verify
the growth conditions (H1)-(H3). But as we pointed out in the above, the low frequency part
does not effect the convergence property, which means one can also remove the condition (H1)
in [12] and [23]. With this observation, we can conclude that their results can also be extend
to the class of dispersive operators including Boussinesq operator. Another contribution of this
paper is the counterexamples in Theorem 1.1. With the counterexample we can conclude that

the critical index s. = i and az g =1for 0 < s < i.
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While extending Theorems 1.1-1.3 to a higher dimension, we are suggested by [31] (handling
the Carleson problem for certain generalized dispersive equation) to consider the radial case,

thereby discovering the following assertion.

Theorem 1.5 For

let
B** f(z) := sup |B: f(2)].

teR

Then

(/ B**f(x)q|x0‘dx> S fllgreeys  Vradial f € H*(R™) (1.13)
Rﬂ,

a:q<g—s>—n.

Consequently, under this situation we have

if and only if

}%Btf(x) = f(z), a.e zeR™ (1.14)

Remark 1.6 Ding—Niu [13] obtained (1.14) by setting up the L9 estimates for a class of
maximal operators including B** f(x) . In this paper, we set up the corresponding weighted
L? boundedness as (1.13). Such an argument was motivated by Niu’s works [31] for a class
of dispersive operators which does not include Boussinesq operator. Our another contribution
here is to find the sharp power « in (1.13). The main tools include the linearization of the
maximal operator, TT* argument and Bessel’s function. Moreover, Lemma 2.2 in Section 2

plays a crucial role in the proof of Theorem 1.5.

The rest of this paper is designed below to present a much-more-involved proof of the above

three theorems according to a twofold argument style.

2 Demonstration of Theorem 1.1
2.1 Proof of Theorem 1.1 (i)
First of all, recall the following well-known variant of van der Corput’s lemma.

Lemma 2.1 ([37, pp. 332-334]) Fora <b and I = [a,b], let & € C(I) be real-valued and
e C=(I).
(i) If |®'(z)| = v > 0,Yx € I and ®' is monotonic on I, then

‘/Ieié(x)w(l‘)dx N %(I¢(b)|+/}|¢’(a¢)|dm).
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(ii) If |9"(z)| > v > 0,Vx € I, then

[ @vtayia] s = (ol + [ e

Next, we need a crucial oscillatory estimate whose fractional order Schrodinger operator

analogue was considered in Sj6lin [34].

Lemma 2.2 Let

Then

/1(r§+tlélm €|—* ( >§‘N 1
R

|£L"1 s

forx e R and N > 1.

Proof of Lemma 2.2 Without loss of generality, we may assume x # 0.

j/ (e € HlEl/THER) ¢ 5 ( ) de = j/ ol EHIEN/THER) ¢ =5 ( ) i
R €] <e| -1
’%j/ ol EHIE/THER) ¢ =5 ( )d§
€[> |1

=: A+ B.

It is easy to estimate
1

s [ geras
fel<lal-? =
However, estimating B is divided into two cases.
Case 1 |z| < 1. Two subcases are considered below.

(i) Under |z|* < 5, we set

P(E):=a-E+tE/1+ €2, Vai > |z

Then e e
1+2 t 142
R _I<1+_7).
(&) = T
Note that
t 14 2¢2 t 1426 2|z|? 2¢2
T - > = 1>2V20zE—1>1.
‘ v irée| e yivel |z v2¢ a
So, [®"(§)[ = |z|.
Also, we have
3
(I)N(g) =t 3§+2€3
1+

thereby getting that @’ is monotonic for &€ > |z|~!. Upon setting

w© =)
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we obtain

W] S lel ™, Vai > |21

—sl / 5 —s—1 g

3 Nq (N>_S§ Q<N)‘d§

i / é o —s—1
(e [

[e )

[ e[

[e.¢]
Sl [
[~

S lef

By Lemma 2.1, we then conclude that

> i(x- —s € 1 s 1
[ et eI o £ )de| S el ~ s
2|1 N || |z|

Li D. and Li J. F.

=™ 1 1
i@ eHE IR e ~5 0 | S ) gel < gl mo
T 1705 )ae| € hlel” = i

(ii) Under |z[? > £, we achieve

/ ol EHHEIVIHIER) ¢ = < >d§_ Bi + By + Bs,
Edi

where
B, ::/ ol E+IE]/TFIER) ¢ = ( )d&
I
B, ::/ i€+l /TIER) | s ( )dg,
I
Bs ::/ ol (T EHHEVIFIER) )= ( )df,
I3
and

I = {52 |$|_17§§5|%};
{§>|x| ! 5' 2l <§§K%|};

I —{£>|x| 15>K””'}

0 >0 & K > 0 are small & large numbers respectively.

For £ € I we have

14 2¢2 3 2 1
Lf < f < 3&5@ ,| |,
V1+¢ f t 2
whence )
14 2¢ 1
|2°(&)] = le—ti |lz| — 5 \fvl 5l
VI+E 2
By Lemma 2.1, we can obtain
1
By S ———.
|B1| < ==

Meanwhile, upon estimating

A 2% 22
% 3 \ftKH>2|x|, VE € I,

\/1+§2 = =
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we get
1+ 2¢2
VO 2t I > el, veel
V142
By Lemma 2.1, we have
1
B3| <

N||ls

To estimate I, note that
3¢+ 263 263 2
2 L, VY ween,

PO e e

9O = \5q(§)‘ () = (4)
J v e () ()
| |£-S§ (5)‘df+c e
) LM ee()
(2

So, by Lemma 2.1 and s > 3 L we obtain

and

) 1
|BQ<t--(' ') ~ 0] S oDl
X
thereby finding
T ettlel /IR s [ € 1
e 1€ %q| = |d§| S ——:
|| -1 N ||t =s
o]t
/ i ertelVIHE) g =50 ( £ ) de| < ,
N ~ |£17|1_S

Case 2 |z| > 1. Upon writing

oo 1
/ i€l THER) ¢ -5 ( )df 7/ e el THER) g s <5> de
N
Ed Ed
IZL’ S 5
+/ (a-eilel/THEP) |- <N i
1
=: By + Bs,
we utilize the technique similar to handling Case 1 to gain
1
Bs| < ——.
‘ 5| ~ |l,|1,S
Concerning By, we estimate
1+ 2¢2 t 1+ 2¢2 1
(@) = for 12 g1 L) 2 B v cr<
V1+ T \/1+¢2 2 6

()] = }u(%)\ Ser Sl Ve > el
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—s 1 / 5 —s—1 g
¢ Nq <N) — s CI(N> ’df

< dé+C 1 e lae
N

Edi

/(5 )|de + et

and

1 1
/| ' (€)d =

By Lemma 2.1, we have

1
. ) 1
Byl = / S EHIEVITIER g =g (£ Vg < 1
a1 N ]

thereby reaching

T giaertey/ e s & ) gel < L.
‘/xl el |£| Q(N> g ~ |J)|1_s’
el
’/ : ei(w-£+t|€\/1+£|2)§|—sq( >d§‘5

13 1
o0 N |zt =s
Finally, we arrive at

Proof of Theorem 1.1 (i) It is enough to prove that the following estimate

([ IB*f(:v)2dw); <1

holds for all balls B in R due to the fact that (2.1) implies Theorem 1.1 (i) and

@y € H*(R) (2.1)

B f(z) = sup [Bif(x)]
0<t<1

To do so, set
Rf(@) = o(a) [ =St DINVTE g f(e)de, v RS € S(R),
R

where ¢(z) is a real-valued function in C¢°(R), ¢(z) is a measurable function of x with 0 <
t(z) <1 and s = 1. It suffices to prove that the operator R is bounded on L?(R).
Upon letting

Pl ) = p(a) @IV g,
we get
Rf) = [ e 4pla ) €)de
Via choosing a real-valued function p € C°(R) such that

1 <1
p(§) = { wlel=

0 asl|f]>2

px(€) == p(%) YN €N,
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and defining
pN($7§) ‘= PN (6) ($7f);
Ryfa) = [ ¢ pu(e 0 f(©)dE £ e SE®).

R

we can readily see that Ry is bounded on L?(R) and its adjoint operator is given by

r) = / / DG T () dyde, € S(R).

According to Plancherel’s theorem, we have

- [ IRh) e

- / Rih(€) Rgh(€)de
— (2n)? / / o (7 Eh(y)dy / o€ (2, O)h(2)dzdt

— (2n)? / / e (7 Eh(y)dy / (2, () dzde

:(2”)2/ [ [ eltmmrer eI g ) dgou)o()h (o)) dyd:

/ / K (y, 2)h(y)h(=)dydz,

Kn(y,2) = 6(4)é(2) / e SR @IEIVIFE 2 (6)e]2de & 5=

R

where

By Lemma 2.2, we have

[Kn(y, 2)| S lo@)lle(2)lly — 2172, N >1, (2.2)

/|RN )2da = (27) //KN y, 2)h(y)h(2)dydz

S [ [ == ool Inwh(:) dudz
~ [ [ degsnlay

ly — =
~ [ 1300rD@lowhw)dy
S LA P
S

S ol @y 1a1 72 )

SN2 gy

thereby getting
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where [ 1 denotes the Riesz potential operator of order % which is bounded from L%(R) to
L4(R), and Holder’s inequality has been utilized two times. Accordingly, Ry is uniformly
bounded on L?(R). Since

Rf(r)= Jm Ryf(r), feS(R),

we use Fatou’s lemma to get
[ IRr@Pe <ty [ 1Ras@Fde S 17,
thereby establishing L?(R)-boundedness of R. O

2.2 Proof of Theorem 1.1 (ii)

To verify Theorem 1.1 (ii), we need four lemmas.
First, we are about to use the fact that the dispersive waves with different frequencies

transport at different velocities—more clearly—we take
g € S(R);
supp g C (—1,1);
9(0) # 0;

Note that

So, we have

Lemma 2.3 ([10]) If

then

~ 1 1_9og
RO =va(v64 1) & il S0
Second, this last lemma, along with Heisenberg’s inequality, leads to

Lemma 2.4 For
D(¢) = l¢lv1+¢2,
there exists a triple {co > 0,8 > 0,v9 > 0} such that
Bifo(x)] = co
holds for any triple {v, x,t} with
0 < v < vp;

0<x<d;
X

t= :
()
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Proof First, since

'0>7é0:»/Rg<s>dsséo,

we choose a large number L such that

/£2L| f—100U

ei(”'g"'t(b(f))ﬁ,(f)df

e (&) g <v§ + l) d¢
v

el (E= D2l g (6)de

thereby evaluating

Btfv(x) =

Il
— T

eFg(&)de,

R

Fla.t,€,v) = f(£—1> +t¢<%‘£— 1')

Via choosing vg := %, we get that if 0 < v < vy then

By fo()] > /me”’g(f)dg - ] /E>LeiFg(£)d£‘
/ eF g(€)de| / l9(6)|de
14592 |5\>L

iF 1
/me o) - - dﬁ‘

' /lglgLeiFg(@df"

With the help of Taylor’s expansion we have
1 1
v v v

1 f / 1 52 (I)H(U12) g ’
(I)<U2>_vq)<u2>+u2 2 +O<_v>’
whence

1 3
= 55 () o(2) S o] (9]

An application of

where

v

Y

Next we consider

yields
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Therefore, for small 6 > 0 we have

/ eiFg@)ds\
lel<L
11
—L
L oo ®EE) e L oy a G e
(47 ol (4 ——7) O(—,i )
S| [T e [t e
—L —L
L i( x (ﬁ)i
2| [ ggag - o
> ‘/ vz € (0,5)
Finally, if
O<v<wvy & 0<x<i,
then
1| [F 1
B fo(z)| > 3 Lg(f)df ~ 100 g(f)df
1
>
=3 /Rg@dg’ 200‘/ ’ 100‘/ ’
1
>
>3 [

as desired. n

Third, although the following lemma is known as the dispersion estimate, we will use it to
check the wave with high frequency spread so fast such that in the test interval % < x <9, the

wave is already gone at the given time.

Lemma 2.5 If

{1
0 <v <min vO’Z;

0<t<1;
é
5 <z < (5,
then
v
Befo(@)| S -1
t2
Proof Let

m(€) = elEIVIFE,
m(y) = / HUEVIHE—5) ge.
R

Then two situations are handled below.
> Under |£] < 1, it is easy to see that



Carleson Problem for the Boussinesq Operator 133

> Under |¢| > 1, we set

~evire - LE

If € > 0, then

1+282  y 3¢ +2¢°
© S "(¢) :
(1+¢2): 1 (1+¢€?)
Upon letting
1+ 2¢2
V() 0= 20 _ Y
(1+&H= ¢
we get
__Yy __ =z
(&) ()
§o = Uj;
1
ol = ()| 21
According to stationary phase method again, we can obtain
1
(y) S ——— St 2,
tw" (o)
whence
1Buf ()| = ‘ [ e df‘

[t - y)dy\

< / i (y)]| fu(x — y)|dy

2
B
\

G

E

Vo)

5i =

Fourth, the coming-up-next lemma will be used to check the wave with low frequency which
cannot arrive at the test interval g < x < 6 at given time.
Lemma 2.6 If
O<v< min{vo, g},

0<t<l;

g<9€<(57

then
t

|Btf'u( )l _4
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Proof  According to the definition of f,(z), we have
Bifo() = /R S EeIEVITE T () dg
:1@0¥“Wq§§—1m“fﬁx@dg+2ﬂﬂmm,
thereby getting f,(x) = 0 due to

supp f, C (—v,v);

1)
0<v<—;
'S

g<x<5.

Consequently,

|&ﬁ@ﬂ=ﬁ/w“WH@—w&MﬁKM4
R
5/ HelVT T EIF(6) |d5+/ tHelV/T T €217, (6)de
[€1<1 [€1>1

= Il + IQ.

IlN/ té] vg(v§+ )’dg
/‘n——‘lg )dn
sv/0m+)u>m

<t
~ 02

On one hand, we have

On the other hand, we have

<

IQN/£|>1t|§| vg(v§+ )’d&
5 ’U2/‘77_
& [ (1P + % )lowdn

<t
Nv4

lg(n)|dn

Combining the estimate of I; with I, we have

Bufu(a)| S o

With the aid of the previous four lemmas, we come to
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1)
0<v < min{vo,z};

ep:=2"%F fork=1,2,3,...;

Proof of Theorem 1.1 (ii) Let

vkzzskv,%_l for k=2,3,4,....
By induction, we have
O<wvp <1 fork=1,2,3,...;
O<wvp<egg fork=1,2,3,...;

vk < epvp_1 < 1vk_1 for k=2,3,4,...;

E v] S Ukt

1
oA

Mﬁ

S
‘v; Uk—1

<.
Il

Upon defining
f = Z f’Uk'
k=1

and using Lemma 2.3, we obtain

0 e} 1o 00 k(L2 1
Iy < 0 o lrecey S 3 ord 2 < 30272 <o, W0 <<
k=1 k=1 k=1

Also, via utilizing

supp f C —é é
PPJ = 11
and ¢(z) in Lemma 2.4:
T vVt +1
t(z) = =
(@) ¥(L) - vtz
we achieve
1Bt () f ()] =
k—
2 |Btk(m ka Z tr( z)va Z Btk z)va
j=1 j=k+1
> co— ZBtk(x)va Z Bfk(w)fvj

J=1 j=k+1

and then estimate the last two sums under % <z <90.

> For1<j3<k—1, by Lemma 2.6, we get

k-1

=1 J

.
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2 /d
U/ v + 1 1
~ 4 1
vy +2 vy

(ervi-1)®y /(i) + 1

~ (ekvi_q)* +2 Up_

— 0 ask— oo.

> For j > k+ 1, by Lemma 2.5, we have

> Biwyfo, (@)| £

j=k+1

U v,‘§+2€k+1
41)13 1

Accordingly, for k > kg, we can get
)
Bty () f ()] > %0 for 5 <z <o O

3 Demonstration of Theorem 1.3
3.1 Proof of Theorem 1.3 (i)

This amounts to verifying (1.12).
Proof of Theorem 1.3 (i) It is enough to deal with i <s< % since the case s = % follows as

a consequence. The a-energy of y is defined by

- [ [ s=minteyint).

From a dyadic decomposition it follows that if

peM*B) & a>1-2s

I 2s(p) = / / ﬁdu(x)du(y)
/ / B(y.2-9)\ By 2~ 1)|x_;1—zsdu(fc)du(y)

/ / B(y,2-7) )(1 2s)d p(z)dp(y)

< / S 26D By, 27))dp(y)

Jj=0

then
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< /B Z 2U+DHA=2s) ()27 dp(y)
=0

< / Ca(ﬂ)21_2s Z 2j(1—25—a)du(y)
B

=0
S calp)-

Accordingly, it suffices to prove that

S manHs(R)’ (3.1)

| su 1B
(k,N)eN?

[ B r@e@ants

holds uniformly in the measurable functions

L (dp)

equivalently,

2
< Tas ()1 1o (3.2)

t(r) : B — R;
N(z):B — [1,00);
w(r):B—St={-1,1}.

By applying Fubini’s theorem and Hélder’s inequality we can get

yéB%“ﬂMwuwmm
§/|f(§)|2|§ ¢(i>ei(m-s+t<z>|g\/1+52>w(x)du($) e
8 R

_ Hf||§ls(R)/// (N ) ( ) ()£~ () () €]y /TT ] ]Ié“PS at

X w(z)w(y)du(x)dp(y).

In order to prove (3.2) it suffices to show that

] e

:/B/B/Rw@v'i)) (Ni/)) i{(o—y) 6~ (t(a) - t(y»m\/W]' ) ) ) )
S T—as(p)

2

2

holds uniformly in the above-defined functions ¢, N,w. By Lemma 2.2, we get

[ [ s [ [ emmml@einaa)
~ /B/B ﬁdﬂ(x)du@)

~ I -as(),
thereby reaching (3.3). O
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3.2 Proof of Theorem 1.3 (ii)
This consists of two-side-inequalities.

Proof From (1.12) and the definition of @; 5(s), we have
a1 p(s) <1-2s.

Next we show
a1 8(s) >1—2s.

To do so, consider

f=xai

du(z) = N"xp(x)dz;
A= DB(0,N);
E=DB(0,N1),

Clearly, we have

BN f() = (2 |

B

” (%)emwm/lmv)d@
0.

> On one hand, upon choosing t = N2, we see that the phase is close to zero for all z € E,

thereby deriving

= || sup

(27r)_"/ w(|§_|)ei(a:»€+t£m)d§
LY (dp) 0<t<1 BoN) \&V

€|)
> 14
~ /B(o,N))w<N <

| sup BN f())|
o<t<1 L (du)

L1 (dp)
§
o o)
B(0,N)) LY (N"xpg(z)dz)
2 N"[AJ E|
~ N"™.

> On the other hand, we calculate

= su roo T 2ys
Vel | ey = \/ b (B, >>( / oy ) d£>

(z,r)ER™ % (0,00)

< sup r=aNn"|B(0, N~1) N B(z,7)|(1+ N?): N2
(z,r)ER™ % (0,00)

[N"N-"
<4/ Nsta
~V N-e
SNENTE,

Via letting N — oo, we get
an B(s) >n—2s,

thereby taking n = 1 to reveal

a1 8(s) >1—2s. O
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4 Demonstration of Theorem 1.5
4.1 Proof of Theorem 1.5 (if)
In order to prove the if-part, we recall two lemmas.
Lemma 4.1 ([38], Bessel’s formula) If J,,(r) is the Bessel function defined by
(%)m ! irz 2\m—3 1
Im(r) = —=—— e (1l —a2%)""2dx asm > —<,
D(m+ 1)mz J 2
then

Lemma 4.2 ([29], Pitt’s inequality) If

T2 p;
1
0<a< —;
r
1
OSOL1<1——;
p
1 1
aop=a+1——-——
r.op

then

(/R|f(§)|r|fwd§>% < (/le(a?)Iplxlalpdq;>%,

Proof of Theorem 1.5 (if) It suffices to prove the if-part with s = % and f being radial.
First, [38] gives

fle) = @me2 [ f)ayatrighrtar
Second, we set t(x) : R” — R be radial measurable and

By f(x) := (2m) " / Q@ IEVIRP fe)de, o e R,

n

whence .
By f(u) = (2m) % "u'" 3 /0 Ty 1 (ru)et VI f(eyrEdr, w >0,

where
By f(u) = Byoy f(z) asu=|z[;
fry=f() asr=|.

Third, in order to obtain (1.13), it remains to prove

< / h |Bt<u>f<u>|quq<"ﬁs>1du> s < / N |f<r>|2r25r"1dr) g (4.1)
0 0

The following three steps will be carried out.
> Let

n

g(r) = f(r)rsrifé Vr > 0;

([ 1rore i) = ([T lgpar) §
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> In order to control the left hand side of (4.1), we estimate

n 1

Bmﬁwm%+%=@m%”w*UT*i/ g1 (ru)e VI f )t d
0

1

=(2m) " Fut™ 75/ J%_l(ru)eit(“)r 1+r2r_sr%g(r)dr
0

_n

: (2m)72 Dg(u),

where
1

Dg(u) = ul_s_%/ J%,l(ru)eit(“)" Wt =seag(r)dr, > 0.
0

and consequently,

(/OOO |Bt(u)f(u)|quq(38)1du> T (/O“’ |(27r)ng(u)|qdu> -

It reduces to prove

([ pstoran)” < ([ latrpar )

But, since the adjoint operator of D is given by

LS
D*h(r) = T_ST% /O J%71(Tu)e—it(u)r\/1-1-7“2ulfsf%h(u)du7 r>0,

it suffices to prove

D"l L2(0,00) S 7l L2 (0,009

where
1 1
4 =1;
P q
1< <1
l<g< =
4~ 2’
2<qg< 2.
=1=195
1< 2 <p<2
1+2s =P=
Upon setting
1+ 1
ci==—4+s—=
q 2’

we see

D*h(r) = r_s/ (ru)%Jg71(ru)e_it(“)rmu_ah(u)du.
0

Therefore, we are led to estimate the Bessel function in the last formula.

e By Lemma 4.1, there exist b; and by depending only on n such that
. . 1
t%J%,l(t) = bret + by + O(min {1, f})’ t> 0.

In fact, Lemma 4.1 yields

Jn_1(t) = \/%cos (t— w) —|—O(t*%) as t — oo,
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and so

t3Jn_1(t) =13

2

— \/Zcos <7T(n4_1)) cost + \/Zsin (7T(n4_1)> sint + O(t™")

7t

2 cos (t - W) +0(t™h

= (by +by) cost —i(by — by)sint + O(t™ 1)
=bie' + e+ O(t7Y),

where

by =

(252 (22)

= 32 (o (0 s (721,

e When t > 1, we have

[t2Ja_1(t) — (bre” + bpe )| <7

e For the case of 0 <t < 1 and n > 2, we have

m):

2

Accordingly, if 0 < t <1,

3 T2y (t

and hence

> Upon combining (4.3) with (4.4), we get (4.2). Now, (4.2

D 1
2 /elm(l—ﬁ)mfidx asm> —=

F(m—i—l)ﬂé —1
tm asm>—f&t>0

| S
|<t2 asm>—§&0<t§1;

|Jo_1(8)| Stz as0<t<I1.

then

ST 4 b + o]
3

|t%<]%71(t) — (b +bae )| S 1.

. . 1
|t2Jn _1(t) — (brel + bae )| < o t>
632 1(t) — (bre' +bae ) <1, 0<t<1,
where by and ba depend only on n. With the help of (4.5) we obtain

where

D*h(r) := by B1(r) + baBa(r) + Bs(r),

/ 1ru —it(u)r VifrZ ﬁ’h(u)du;
0

/oo —iru —11‘(u)7"\/1+7"2 _"h(u)du;
0

Bl <o [Cmin {1, el
0 Tu

) derives

) — (bret + boe™ )| < [t2 Tz (t)] + |brelt] + [boe™ |

2§

141

(4.3)
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In what follows, we estimate B;(r), Ba(r) and Bs(r) respectively.

e Via defining
B(r):=r""° erue T HWIITVIFITE o () du, e R
0
and choosing a real-valued function p € C°(R) such that

1 <1
p(§) = { s

1o as €] > 2;

b

pn (&) == p<%), VN €N,

as well as letting
By(r) = p(nlr|* [ e VT ),
0
we utilize Fubini’s theorem to get
o0 (o)
/ | B (r)|?dr == / / I(u, v)u=" h(u)v~"h(v)dudv,
R o Jo

where

I(u,v) ::/ei((u—v)r—(t(u)—t(v))\r|\/1+\r|2>|r|—sp§v(r)dr,
R

e By Lemma 2.2, we have

1
[T(u,v)| < under s = T

PECE

From (4.7), (4.8) and Parseval’s equality, we have

o0 o0 1 o o
IBxleo S | G o) dud

z//%uf"hl(u)vfﬂhl(vﬂdudv
RJR |[u— ]2
~ [ 10 @) @i (0

R

~ /R|§|’%(u*"lhl(U)I)A(é)(u”\M(U)I)A(ﬁ)df
~ / €17 (= [ () A (€) 2

where
h(u) as u > 0;

0 as u < 0.

hl (u) =
e By Pitt’s inequality, we have

([15@raae) < ( [1rwpeertar),
R R

where )
<3z
553

|
o A

<p<2.
1+25_p_

Li D. and Li J. F.

(4.8)
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Consequently,
2
BNl S </R |Ugh1(U)|p|u|ip1du) ’
2
~ ( / u_"p+%p_1|h1(u)pdu) '
R
~ ||h1||2Lp(R)
~ ||hH%P(O,oo)7
namely,

By llz@®) S 1Rl Le(0,00)-

According to Fatou’s lemma we obtain

1

3
([1B0rar) S o,
Furthermore,

1 1
< / |Bi<r>|2dr) 5( / B<r>|2dr) < hllromy, Vi 1,2
0 R

e Next we dominate Bs(r) according to two situations.
(i) Under 0 < r < 1, it suffices to prove

1 3
([ 1Ba0Rar)” < Ml
Holder’s inequality derives

° 1
< 1 - —g
| B (1) N/o mln{l, ru}u | (w)|du

1
B 1 [
,S/ u7”|h(u)|du—|——/ w7 h(u)|du
0 rJ

1

1 1 1
o q 1 < Y q
5(/ " qdu> |h|Lp(0,oo)+;</l e )qdu> 1Al 2o 0,00
0 r

_1
~ 77" ][Il Lr(0,00)

_1
~ 1 2||h| Lr (0,00) 5

1 3 1 1
( / |Bg<r>2dr> 5( / d) 1l 0.0) < 11lzoo0-
0 0

(ii) Under r > 1, it suffices to prove

whence

1

o 2
( / Ba<r>2dr) < 8l omer.

Bar)| s [

0

On one hand, since

<1
7 h(u)|d ¢ —u” 7 |h(u)|d
w e l(ldu [ h)du
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1 00
~ 7’75/ u7”|h(u)|du—|—7‘7175/ u” 7 Hh(u)|du
0 o

=: E1(r) + Ex(r),

setting
1 1

yields

Fi(t) :t71+5[) u” 7| h(u)|du
t —u) "M uT h(u)|du
< [t=w e inwla

—u| 7T by (u)|du
< / t — ul Iy (u)]d
< (=7 by (u)])(2),

Similarly to the estimate for || By||z2(r), we have

([ imear) < ( / |F1(t)2dt>%
(/U w”|hy (u |)()|2dt>
) (/RK“U'hl(u)I)A(f)szl25d£>%

S Pl e gy

~ |2l 7 (0,00)

o )
( / |E1<r>|2dr) < oo

On the other hand, we want to prove

1
o8] 2
( / |E2<r>|2dr) < Il omer-

1
), O0<t<1

thereby producing

Now, setting

Fy(t) = 1E2<t

implies
Rt) = t* /w w17 () |du
t
< /Oo u*u ) h(u)|du
t
g/R|t—u|_1+su_"|h1(u)\du
< Ls(u7[ha (w)])(F)-

Li D. and Li J. F.
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([ |E1<r>2dr)%,

( / |E2<r>|2dr) < ll i 0m0)-

Combining (4.6) with the estimates for By (r)-Ba(r)-Bs(r) yields (4.1) and then (1.13). O

Similarly to the estimate of

we have

4.2 Proof of Theorem 1.5 (only-if)

This part is constructive.
Proof of Theorem 1.5 (only-if) To do so, choose a nonnegative radial function ¢ € C°(R™)
such that

supp p C {€:1 < [¢] <2}

pl€)=1 as T <<t

fe) = sa(§) as A > 0.

It is easy to see that
11| e gy = AETS.

Since

Btf(f):/ eizfeité'v1+52ap<§>df
:)\n/ ei)\mneitl)\nh/1-i-|>\7]\2<)0(,'7)d777
taking t = 0 derives

Bof(x) = A" / N (m)dy = NG ().

n

Also, since

Accordingly,

B f(z)] = [Bof(z)] = coX" & o=
Now, if (1.13) holds, then

A ||f||Hs(Rn)

2 ([ sl
= ([, 157 )
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1
q
> Co( / A”%%)
lz|< 4
_atn
= Cl)\n q B
where

1
wn_15a+n q
c1 =cyg| ———
a+n

and w,_1 is the area of unit sphere in R™. Therefore,

a+n

AT ST, (4.9)
> Upon letting A — oo in (4.9), we get

an(g—s)—n.

>> Upon letting A — 0 in (4.9), we get

agq(g—s)—n.

As a consequence, we have

a:q(g—s)—n. O
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